Abstract. A graph is intrinsically knotted if every embedding contains a knotted cycle. It is known that intrinsically knotted graphs have at least 21 edges and that the KS graphs, K7 and the 13 graphs obtained from K7 by ∇Y moves, are the only minor minimal intrinsically knotted graphs with 21 edges [1, 8, 10, 11] . This set includes exactly one bipartite graph, the Heawood graph.
Introduction
Throughout the paper, an embedded graph will mean one embedded in R 3 . A graph is intrinsically knotted if every embedding contains a nontrivially knotted cycle. Conway and Gordon [3] showed that K 7 , the complete graph with seven vertices, is an intrinsically knotted graph. Foisy [4] showed that K 3,3,1,1 is also intrinsically knotted. A graph H is a minor of another graph G if it can be obtained by contracting edges in a subgraph of G. If a graph G is intrinsically knotted and has no proper minor that is intrinsically knotted, we say G is minor minimal intrinsically knotted. Robertson and Seymour [14] proved that for any property of graphs, there is a finite set of graphs minor minimal with respect to that property. In particular, there are only finitely many minor minimal intrinsically knotted graphs, but finding the complete set is still an open problem. A ∇Y move is an exchange operation on a graph that removes all edges of a triangle abc and then adds a new vertex v and three new edges va, vb and vc. The reverse operation is called a Y ∇ move as follows:
Since the ∇Y move preserves intrinsic knottedness [12] , we will concentrate on triangle-free graphs. We say two graphs G and G ′ are cousins of 2010 Mathematics Subject Classification: 57M25, 57M27, 05C10. each other if G ′ is obtained from G by a finite sequence of ∇Y and Y ∇ moves. The set of all cousins of G is called the G family.
Johnson, Kidwell and Michael [8] and, independently, the second author [11] showed that intrinsically knotted graphs have at least 21 edges. Hanaki, Nikkuni, Taniyama and Yamazaki [6] constructed the K 7 family which consists of 20 graphs derived from H 12 and C 14 by Y ∇ moves as in Figure 1 , and they showed that the six graphs N 9 , N 10 , N 11 , N ′ 10 , N ′ 11 and N ′ 12 are not intrinsically knotted. Goldberg, Mattman and Naimi [5] also proved this, independently. Recently two groups [1, 10] , working independently, showed that K 7 and the 13 graphs obtained from K 7 by ∇Y moves are the only intrinsically knotted graphs with 21 edges. This gives us the complete set of 14 minor minimal intrinsically knotted graphs with 21 edges, which we call the KS graphs as they were first described by Kohara and Suzuki [9] .
In this paper, we concentrate on intrinsically knotted graphs with 22 edges. The K 3,3,1,1 family consists of 58 graphs, of which 26 graphs were previously known to be minor minimal intrinsically knotted. Goldberg et al. [5] showed that the remaining 32 graphs are also minor minimal intrinsically knotted. The graph E 9 + e of Figure 2 is obtained from N 9 by adding a new edge e and has a family of 110 graphs. All of these graphs are intrinsically knotted and exactly 33 are minor minimal intrinsically knotted [5] . By combining the K 3,3,1,1 family and the E 9 + e family, all 168 graphs were already known to be intrinsically knotted graphs with 22 edges. A bipartite graph is a graph whose vertices can be divided into two disjoint sets A and B such that every edge connects a vertex in A to one in B. Equivalently, a bipartite graph is a graph that does not contain any oddlength cycles. Among the 14 intrinsically knotted graphs with 21 edges, only C 14 , the Heawood graph, is bipartite.
A bipartite graph formed by adding an edge to the Heawood graph will be bipartite intrinsically knotted. We will show that this is the only way to form such a graph that has a KS graph minor. Among the remaining 168 known examples of intrinsically knotted graphs with 22 edges in the K 3,3,1,1 and E 9 + e families, cousins 89 and 110 of the E 9 + e family are the only bipartite graphs. Figure 3 . Two cousins 89 and 110 of the E 9 + e family However, Cousin 89 has the Heawood graph as a subgraph. Our goal in this paper is to show that Cousin 110 completes the list of minor minimal examples. We say that a graph G is minor minimal bipartite intrinsically knotted if G is an intrinsically knotted bipartite graph, but no proper minor of G has this property. Since contracting edges can lead to a bipartite minor for a graph that was not bipartite to begin with, it's easy to construct examples of graphs that are not themselves bipartite intrinsically knotted even though they have a minor that is minor minimal bipartite intrinsically knotted. Nonetheless, Robertson and Seymour's [14] Graph Minor Theorem guarantees that there are a finite number of minor minimal bipartite intrinsically knotted graphs and every bipartite intrinsically knotted graph must have one as a minor. Our main theorem shows that there are exactly two such of 22 or fewer edges. As we show below, the argument quickly reduces to graphs of minimum degree δ(G) at least three, for which we have: Theorem 2. There are exactly two bipartite intrinsically knotted graphs with 22 edges and minimum degree at least three, the two cousins 89 and 110 of the E 9 + e family.
We remark that Cousin 110 was earlier identified as bipartite intrinsically knotted in [7, Theorem 3] as part of a classification of such graphs on ten or fewer vertices. It follows from that classification that Cousin 110 is the only minor minimal bipartite intrinsically knotted graph of order ten or less. It would be interesting to know if there are further examples of order between 11 and 14, which is the order of the Heawood graph. Such examples would have at least 23 edges.
Proof of Theorem 1. Suppose G is bipartite intrinsically knotted, with G ≤ 22. If δ(G) ≤ 1, we may delete a vertex (and its edge, if it has one) to obtain a proper minor that also has this property, so G is not minor minimal. If δ(G) = 2, then contracting an edge adjacent to a degree two vertex gives a minor H that remains intrinsically knotted and is of size at most 21. Thus H is one of the KS graphs. In other words G is obtained by a vertex split of the KS graph H. Now, a graph obtained in this way from a KS graph will be intrinsically knotted and have 22 edges. However, it's straightforward to verify that it cannot be bipartite.
So, we can assume δ(G) ≥ 3. If G = 21, G must be a KS graph and C 14 , the Heawood graph, is the only bipartite graph in this set. As graphs of 20 edges are not intrinsically knotted [8, 11] , C 14 is minor minimal for intrinsic knotting and, so, also for bipartite intrinsically knotted.
By Theorem 2, if G = 22, G must be one of the two cousins in the E 9 + e family. Goldberg et al. [5] showed that all graphs in this family are intrinsically knotted. However, Cousin 89 is formed by adding an edge to the Heawood graph and is not minor minimal. On the other hand, it's easy to verify that Cousin 110 is minor minimal bipartite intrinsically knotted and, therefore, the only such graph on 22 edges.
The remainder of this paper is a proof of Theorem 2. In the next section we introduce some terminology and outline the strategy of our proof.
Terminology and strategy
Henceforth, let G = (A, B, E) denote a bipartite graph with 22 edges whose partition has the parts A and B with E denoting the edges of the graph. Note that G is triangle-free. For any two distinct vertices a and b, let G a,b denote the graph obtained from G by deleting a and b, and then contracting edges adjacent to vertices of degree 1 or 2, one by one repeatedly, until no vertices of degree 1 or 2 remain. Removing vertices means deleting interiors of all edges adjacent to these vertices and any remaining isolated vertices. Let • E(a) is the set of edges that are adjacent to a vertex a.
Obviously in G \ {a, b} for some distinct vertices a and b, each vertex of V 3 (a, b) has degree 1. Also each vertex of V 3 (a), V 3 (b) (but not of V 3 (a, b)) and V 4 (a, b) has degree 2. Therefore to derive G a,b all edges adjacent to a, b and V 3 (a, b) are deleted from G, followed by contracting one of the remaining two edges adjacent to each vertex of Figure 4 (a). Thus we have the following equation counting the number of edges of G a,b which is called the count equation;
and V Y (a, b) are all empty sets because G is triangle-free. Note that the derivation of G a,b must be handled slightly differently when there is a vertex c in V such that more than one vertex of V (c) is contained in V 3 (a, b) as in Figure 4 (b). In this case we usually delete or contract more edges even though c is not in V Y (a, b) .
The following proposition, which was mentioned in [10] , gives two important conditions that ensure a graph fails to be intrinsically knotted. Note that K 3,3 is a triangle-free graph and every vertex has degree 3.
Proposition 3. If G a,b satisfies one of the following two conditions, then G is not intrinsically knotted.
is either a planar graph or isomorphic to K 3,3 . It is known that if G a,b is planar, then G is not intrinsically knotted [2, 13] .
In proving Theorem 2 it is sufficient to consider connected graphs having no vertex of degree 1 or 2. Our process is to construct all possible such bipartite graphs G with 22 edges, delete two vertices a and b of G, and then count the number of edges of G a,b . If G a,b has 9 edges or less and is not isomorphic to K 3,3 , then we conclude that G is not intrinsically knotted by Proposition 3.
Proposition 4.
There is no bipartite intrinsically knotted graph with 22 edges and minimum degree at least three that has a vertex of degree 6 or more.
Proof. Suppose that G is an intrinsically knotted graph with 22 edges that has a vertex a in A of degree 6 or more. Since b∈B deg(b) = 22 and each vertex of B has degree at least 3, B consists of at most seven vertices, so the degree of a cannot exceed 7.
If deg(a) = 7, then B consists of seven vertices, and so one vertex b has degree 4 and the others have degree 3. Then N E(a, b) = 10 and
Now assume that deg(a) = 6. Since c∈A deg(c) = 22, there is a vertex c of degree at least 4 in A. We may assume that
consists of exactly six vertices and at most three vertices in B have degree 3. Furthermore c is adjacent to at most three vertices of degree 3 or 4 in B. Therefore, eventually c has degree 4, and is adjacent to a degree 5 vertex b and three other degree 3 vertices in B as shown in Figure 5 . If there is another vertex of degree more than 3 in A, then, like c, it is adjacent to three degree 3 vertices in B. Therefore A can have at most three vertices of degree more than 3, including a and c. This implies that V 3 (b) ≥ 2, and so | E a,b | ≤ 7. 
This paper relies on the technical machinery developed in [10] . We divide the proof of Theorem 2 according to the size of A 5 , always under the assumption that our graphs are of minimum degree at least three. In Section 3, we show that the only bipartite intrinsically knotted graph with two or more degree 5 vertices in A is Cousin 110 of the E 9 + e family. In Section 4, we show that there is no bipartite intrinsically knotted graph with exactly one degree 5 vertex in A. In Section 5, we show that the only bipartite intrinsically knotted graph with all vertices of degree at most 4 is Cousin 89 of the E 9 + e family. This determines 21 edges of the graph so that both A and B have three degree 5 vertices and two degree 3 vertices. Now we add a final, dashed edge to connect two degree 3 vertices, one in A and another in B. We get the graph shown in Figure 6 (a) which is Cousin 110 of the E 9 + e family and is intrinsically knotted.
In , 0]), we similarly construct the edges adjacent to each vertex in A 5 and B 5 in a unique way. We add the remaining dashed edges which are also determined uniquely. This gives, for the two cases, the graphs shown in Figure 6 
Since | E a,a ′ | ≤ 9, we only need to consider the case that G a,a ′ is isomorphic to K 3,3 . Since the three vertices b 1 , b ′ 2 and c ′ 3 (big black dots in the figure) are adjacent to b 2 in G a,a ′ , they're also adjacent to b ′ 1 and c 3 (big white dots) as shown in Figure 7 (b) . Restore the graph G by adding back the two vertices a and a ′ and their associated nine edges as shown in Figure 7 (c). The reader can easily check that the graph G a,b 1 is planar.
[B] = [0, 4, 2].
First, we give a very useful lemma. Let K 3,3 be the bipartite graph shown in Figure 8 . The six degree 3 vertices in K 3,3 are divided into three big black vertices and three big white vertices. If we ignore the three degree 2 vertices, then we get K 3,3 . The vertex d 4 is called the s-vertex . 
Since H is originally a bipartite graph, d 4 is connected to d i for each i = 1, 2, 3, by exactly two edges adjacent to each degree 2 vertex of H. This gives the graph K 3,3 shown in Figure 8 . Figure 9 , the ten non-dashed edges in figures (a) and (b) indicate the first case while the ten non-dashed edges in figures (c)∼(e) indicate the second.
Let H be the bipartite graph H obtained from G by deleting these ten non-dashed edges. Then H has four degree 3 vertices from A, and two degree 3 vertices and three degree 2 vertices from B. We only need to handle the case that H is not planar because if H is planar, then G a,b 1 is also planar. By Lemma 5, H is isomorphic to K 3,3 . In each case, the s-vertex is either at We first give a very useful lemma. Let P 10 be the bipartite graph shown in Figure 11 . By deleting the vertex c ′ and its two edges, we get K 3,3 . The vertices d 4 and c ′ are called the s-and t-vertex , respectively. 1, 2, 3 , by two edges adjacent to each other degree 2 vertex of H. So, we get the graph P 10 as shown in Figure 11 . 
